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1 ABSTRACT 
A brief review of the basic points of a suction-based heat, moisture transfer and skeleton deformation 
equations for an unsaturated medium is presented. The main issues such as: two temperature-dependent 
state surfaces of void ratio and degree of saturation which are used to present the coupling effects of tem-
perature, moisture content and deformation of skeleton; the new thermoelastoplastic constitutive law and 
etc are briefly mentioned. The Bubnov-Galerkin integral form of field equations has been developed as 
the basis of spatial and temporal discretized matrix form. The single step integration in time is described. 
The numerical solution algorithm of the finite element package, Θ-STOCK, is presented. Some applica-
tion cases are presented and discussed to show the strong ability of presented model and the prepared nu-
merical package.  
 
Keywords: Unsaturated soil, Thermohydromechanical behaviour, Finite element method, Damage 
modeling, Elastoplastic behaviuor, Multiphase porous media. 
2 INTRODUCTION 
Since the soil is continuously under the effect of temperature changes in its natural environment, a great 
deal of attention has been paid to the phenomenon of moisture transport due to thermal gradient from at 
least the beginning decades of the past century. In the earlier investigations the critical role of unsaturated 
zone near the soil surface in the groundwater recharge, surface runoff and evapo-transpiration of the 
precipitation was the center of attention, but in the latter studies major attentions have been focused on 
geothermal energy extraction, contaminant transport and specially the safe disposal of high-level 
radioactive waste. The engineered clay barriers are currently used for the filling and sealing of the 
underground nuclear waste repositories. Considering the unsaturated state of such deformable materials, a 
deep understanding of coupling effects of moisture, heat, air and soil deformation seems to be an absolute 
necessity. 
The phase changes between liquid and gas, evaporation, condensation, induced moisture transfer under 
thermal and pore pressure gradients and the effects of moisture distribution on heat flow are important 
aspects in non-deformable unsaturated porous media. If the deformation of porous media, which is 
significant in engineered clay barriers, is considered, the coupling effects among deformation, moisture, 
and heat should also be addressed in addition of all above aspects. 
Philip and de Vries [1] and de Vries [2] theory assumes that the moisture transfer in unsaturated soil 
occurs in both vapor and liquid phases, under the combined influence of gravity, the gradient of 
temperature and the gradient of moisture content. This theory makes a consistent distinction between 
liquid and vapor phases concerning the changes of moisture content. 
 
Another theory for the analysis of coupled mass and heat transfer in porous media was developed by 
Taylor and Cary [3] , who usedthe general theory of irreversible thermodynamics processes (TIP). 
Laboratory experiments performed by Cassel et al. [4] showed that this approach underestimated the flow 
rate by a factor of 10 to 40. It seems this approach did not consider the problem of integration from the 
microscopic scale to the macroscopic scale rigorously enough. This is a real lack, since the mechanical 
equations are currently written by means of this integration. 
 
Dirksen [5] studied the soil moisture movement in a freezing column of soil, in  absence of water table. 
He observed a good agreement with  Philip and de Vries’ theory. The laboratory experiments of Cassel et 
al [4]  proved to be in a close correlation with the Philip and de Vries’theory. 
 
The theory of Philip and de Vries  is now generally accepted in soil sciences and geotechnical engineering 
studies. However, this theory  encompasses some restrictions in geotechnical engineering practice, which 
should be overcome. One of these limitations lies in  the assumption of incompressibility of the soil 
skeleton It is not realistic, especially in in the case of engineered clay barriers, which are soft and 
significantly deformable. The θ-based formulation, which was  initially chosen by Philip and de Vries for 
the presentation of their theory, is valid for homogeneous soils and cannot take hysteretic effects into 
account. In order to overcome these latter restrictions, two attempts have been reported by Sophocleous 
[6] and Milly [7]. Both of these works have been undertaken with the aim of converting the θ-based 
formulation of Philip and de Vries to a matric head-based formulation in order to  consider soil 
inhomogeneity and hysteretic effects in desiccation and resaturation conditions. 
 
Sophocleous [6] has begun with Philip and de Vries [1] model and does not consider hysteresis, while 
Milly [7] considers de Vries [2] model which in a more general frame. Milly [7] has criticized 
Sophocleous’ [6] work and has found apparently two major errors. 
 
Thomas [8] has presented a simple numerical solution of the θ-based formulation of Philip and de 
Vries,ignoring the convection effects in an incompressible soil. Thomas and He [9] have presented the 
moisture and heat transfer analysis in a deformable unsaturated soil.  
Geraminegad and Saxena [10] may have been the first investigators who have developed a model in 
which the soil deformation is considered. Their model does not include soil deformations due to external 
loading.  In this formulation, soil deformation was limited to volumetric deformation due to pore air 
pressure and suction change. 
 
Coleman [11] and Bishop and Blight [12] have found out the basic frame of two stress state variables 
approaches. Fredlund and Morgenstern [13,14] have shown that any pair of three stress parameters σ-Pa, 
σ-Pw, Pa-Pw would be sufficient to describe the mechanical behavior of unsaturated soils. For the last 
three decades, net stress σ-Pa, and matrix suction Pa-Pw have been the most commonly used variables. 
Various constitutive laws have been used, such as the incremental elastic formulation suggested by 
Coleman [11] and Fredlund [14], and the state surface concept developed in order to describe the 
volumetric behavior of soil under the coupled effects of net stress and suction changes. Matyas and 
Radhakrishna [16] have compared experimental data to the predictions given by the state surfaces of the 
void ratio and the degree of saturation. Fredlund [15] has proposed explicit mathematical expressions for 
both state surfaces. Lloret and Alonso [17] have given alternative expressions. Gatmiri [18] has 
developed an explicit expression of the void ratio state surface, which is compatible with nonlinear elastic 
(hyperbolic) constitutive laws (Gatmiri [18], Gatmiri and Delage [19]). 
 
Starting from the approach proposed by Alonso et al [20], which is an elastic model, a nonlinear elastic 
model of unsaturated soil has been developed at the CERMES since 1989. A new state surface 
formulation has been performed This model has been incorporated within U-DAM finite element code, 
developed by the two mentioned authors to model the behaviour and transfer laws characterizing an 
unsaturated soil (Nanda [21], Gatmiri [22,23]), Gatmiri et al. [24]). The important aspects of earthdam 
construction are considered in this code. 
 
Another finite element code with elastoplastic constitutive law has also been developed by Gatmiri et al 
[25]. Nonlinear elastic models have the advantage to be be easily numerically implemented. Moreover, 
the involved material parameters are easy to determine and to measure. Considering the hysteretic 
phenomenon due to desiccation and wetting cycles by a unique state surface, is a restriction. Though, this 
difficulty can be overcome by using two different formulations of volumetric changes, corresponding to 
two paths of moisture changes in desiccation and wetting. 
 
The theory of Philip and de Vries [1] and de Vries [2] is a comprehensive theory of moisture and heat 
movement in an incompressible porous medium. It foundsthe new suction-based mathematical model 
presented by Gatmiri [26], Gatmiri et al [27,28] and Gatmiri ( [29,30]. to study the thermo-hydro-
mechanical behavior of unsaturated media. In this approach, heat and moisture transfer equations are 
given in an alternative form, based on water and air pressures. This model has been formulated with the 
two most widely used independent state variables: net stress and suction. It describes the water and air 
pore pressures distribution, and the deformation of the skeleton. The coupling effects of temperature and 
moisture content on the deformation of the skeleton, and their inverse effects, are included in the model, 
via thermal a state surface concept. Temperature-dependent state surface formulations are given for the 
void ratio and degree of saturation variations within the porous media. A non-linear constitutive strain-
stress relationship is considered. In this new type of formulation, the soil non-homogeneity, as well as 
hysteretic effects, may be included. The phase change between liquid and vapor phases is taken into 
account. 
A mixed damage model, formulated in net stress and suction, has also been developed in order to rep-
resent fracturing around Excavation Damaged Zones. Behaviour laws are derived from a thermodynamic 
potential, which encompasses localization-regularization terms. Damage rigidities associated to the state 
variables are computed by applying the Principle of Equivalent Elastic Energy, which is widely used in 
micromechanics.  Homogenized cracking parameters are also included in the expression of the intrinsic 
liquid permeability of the medium, in order to represent the influence of damage on fluid transfers. 
Because of the complexity of the established governing partial differential equations, a numerical resolu-
tion scheme has been developed, by means of the finite element method. Bubnov - Galerkin integral 
forms of field equations are taken into consideration as the basis for the spatial and temporal discretized 
matrix form of the equilibrium equations. Only one integration step is used in time. (θ - STOCK) code 
has been validated by several applications. For the sake of brevity of the text the literature review has 
been omitted. An exhaustive literature review has been given in Gatmiri [29,30]. 
3 THE PROPOSED MODEL 
In this model, two basic theories are modified and combined in order to describe a fully coupled be-
havior of unsaturated porous medium under heating. In the one hand, the nonlinear theory of isothermal 
behavior of unsaturated soil under the coupled effects of net stress and suction is extended to isothermal 
conditions. The reasoning is founded on the concept of state surfaces for the void ratio and the degree of 
saturation, exposed  in the previous works of Gatmiri [19,20,31]. In the other hand, Philip and de Vries' 
theory of heat and moisture transfer is modified in order to take the deformation of the skeleton into ac-
count. This fully coupled formulation is presented in a new, suction-based formulation, which is more 
suitable for a combination with the deformation theory of unsaturated soils.  
3.1 Moisture phase equations 
Moisture is composed of vapor and liquid phases. As already mentioned and by Philip and de Vries [1], 
the term ‘liquid transfer’ is used for the transfer, which occurs exclusively in liquid phase.  Excess 
transfers, coming in addition to liquid transfersare called ‘vapour transfer’. 
The total moisture movement in an unsaturated soil submitted  to a temperature gradient and its result-
ing moisture content gradient, is the superposition of the flows that take place separately in each 
phase(vapour and liquid). Hence, the total moisture transfer governing equation, defined as the sum of 





  ( 1) 
Where DT is the thermal moisture diffusivity, which is equal to the sum of the thermal vapour and water 
diffusivities. Dθ is the isothermal moisture diffusivity, which is equal to the sum of the isothermal vapour 
and water diffusivities . Dw∇Z (Dw = Kw = Kwz0 [(Sr-Sru)/(1- Sru)]b(νr /νT) (where ν  is the dynamic 
viscosity of water and Kwz0 is the saturated soil water permeability) is the gravitational part of the 
equation. More details about these parameters can be found in Gatmiri [26] and Gatmiri et al. [32-36]. 
Concerning the moisture mass conservation equation, the same concept is used. Hence, the following 
form is proposed: 












   ( 2) 
V is the vapour velocity, U is the water velocity, θ is the volumetric water content, n is the porosity, Sr is 
the degree of saturation in water and ρw and ρv are, respectively, the water and the water vapour 
densities. 
The introduction of thermal state surfaces of the degree of saturation and the void ratio is a new important 
point of the theory developed by Gatmiri [3]. These surfaces are described in the following sections. The 
thermal state surface of the degree of saturation relates the variation of the degree of saturation to the state 
of suction, temperature and net stress in the soil. The idea of Water Retention Curve, which considers 
only the effect of suction on the variation of water content, is extended via the thermal state surface to the 
temperature and net stress variations occurring in the soil. By combining the equations (1) and (2), the 
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3.2 Gas phase equations 







































g   ( 4) 
where Vg is the vector of velocity, qg is the vector of flow, ρg is the mass density, Kg = (bγg /µg)[e(1-Sr)]c 
is the air permeability, Pg is the gas pressure and γg is the specific weight of the gas. In these equations, it 
is assumed that gas pore pressure depends on temperature. 
The governing differential equation for the mass conservation of the gas phase may be expressed in 
controlled volume of unsaturated porous medium, as follows: 




∂  ( 5) 
where H is Henry’s constant, which corresponds to the dissolution of air in water. The first term of the 
right hand side of this equation is related to gas flow due to gas pressure gradient, the second term 
denotes the motion of dissolved air in water, while the gas loss by vapour condensation is represented by 
the third term. Hence, the general partial differential equation of gas movement for unsaturated cases in 
suction-based formulation may be deduced from equations (4) and (5): 
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3.3 Solid skeleton behavior 
Considering the two stress state variables as suction and net stress, the equilibrium equation and the 
constitutive law of a non-isothermal, isotropic and non-linear medium may be based on isothermal equa-
tions, as follows: 
• Equilibrium equation: 
0bp)p( ii,gj,gijij =++δ−σ   ( 7) 
• Incremental constitutive law 
 Under the assumption of small deformations, the constitutive law for the solid skeleton of a saturated 
soil, which is under suction and thermal effects can be written as: 
€ 
d(σ ij −δij pg ) = Ddε − Fd(pg − pw ) −CdT    ( 8) 
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D is  a non-linear and temperature-dependent stress-deformation matrix. 
• Thermal void ratio state surface : 
In order to calculate the bulk modulus, the volumetric strain can be taken into account via a void ratio 
state surface, which depends on stress, suction and temperature. Using the same approach  as in Gatmiri 
[19], Gatmiri and Delage [20] and Gatmiri et al [24], a new formulation of the void ratio state hyper sur-


































  ( 10) 
Through this equation, the compatibility with non-linear behavior of soil is also ensured. 
• Thermal degree of saturation state surface: 
Although the stress-strain behavior is already coupled with temperature, the description of the  coupling 
of volumetric moisture content with temperature is also necessary to model an unsaturated soil submitted 
to stress and suction. Based on experimental data, the following state surface of degree of saturation is 
proposed: 
))TT(dexp())]pp(cexp(1)][p(ba[1S 0swgsgssr −−−−σ+−=  ( 11) 
where as, bs, cs and ds are constant. A schematic presentation of this surface is given in Fig. 5. 
3.4 Heat equations 
Following Philip and de Vries theory, the total flow of latent and sensible heat in an unsaturated porous 
medium can be given by: 
[ ]( )0ggpgwpvwpwfggvfgw TTVCVCUChVVhgradTQ −ρ+ρ+ρ+ρ+ρ+λ−=     ( 12) 
where Cpw, Cpv and Cpg are the water, vapour and gas heat capacities, T0 is an arbitrary reference 
temperature, hfg is the latent heat of vaporisation and λ  is Fourier heat diffusion coefficient. It can be 
evaluated by the following proposed equation: 
( ) ( ) vws nn1 λθθλλλ −++−=   ( 13) 
λs, λw and λv denote respectively, soil, water and vapour heat diffusion coefficients. 
In eqn (12), the first term is related to conductive heat flow, the next two terms represent the evaporation 
phenomenon and the latter one denotes the convective heat flow in liquid, vapour and gas phases. The 
importance of the terms related to the evaporation of water will be investigated in the treated numerical 
example. 





∂ϕ   ( 14) 
where Q is the heat flow and ϕ  is the volumetric bulk heat content of medium, which can be defined by: 
( ) ( ) fgv0T hnTTC ρθϕ −+−=   ( 15) 
CT is the specific heat capacity of the unsaturated mixture and can be written as: 
( ) ( ) ( ) pggpvvpwwpssT CnCnCCn1C ρθρθθρρ −+−++−= . ( 16) 
The final differential form of the heat flow equation in unsaturated porous media is found by combining 
equations (13-16): 























































































( )[ ] .0PPDTDdivh gwPvTvfgw =−∇−∇−ρ   ( 17) 
The general initial and boundary conditions should be associated with the preceding equations  to 
complete the mixed initial boundary value problem of thermohydromechancis for unsaturated soils. These 
conditions are given in the following section. 
4 GENERAL INITIAL AND BOUNDARY CONDITIONS: 
u(x,0) = 0                                                   on Ω  (18) 
pw(x,0) = pw0                                              on Ω  (19) 
pg(x,0) = pg0                                               on Ω  (20) 
T(x,0) = T0                                                on Ω  (21) 
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Ω represents the considered domain and S, S’ S" represent the different parts of the boundary of do-
main on which the displacement or stress, air or water pressure or their  flow, and temperature or heat 
flow are given. The initial conditions for the different variables (u, pw, pg, T) must be introduced. In ge-
otechnical applications, the initial displacements are seldom introduced however. 
5 SOLUTION APPROACH AND FINITE ELEMENT DISCRETIZATION  
Regarding to the complexity of the governing partial differential equations of the proposed model, the 
development of analytical solutions seems to be very difficult, even for simple configurations. It is proba-
bly impossible for real boundary and initial conditions. The known numerical approaches such as finite 
difference, finite element or boundary element methods can be easily used to find the solutions to the 
proposed formulation, with general boundary and initial conditions. The Bubnov-Galerkin integral forms 
of field equations have been used as the basis of the spatial and temporal discretized matrix form. 
5.1 Spatial Discretization 
The weighed residual method has been applied, and the weighed functions of Galerkin have ben used 
to discretize the total spatial domain Ω. The global matrix form of the equations, represented in terms of 
nodal point values of the field variables, is the following:: 
(26)  
5.2 - Integration in time 
In order to discretize in time domain, the single-step integration, defined in the following, is used: 
  (27) 
  (28) 
in which u0 and u1  are the values of the variable u at times t0  and t1 .The time step is Δt=t1 -t0 ,and β 
indicates the type of interpolation, β =0 forward interpolation (fully explicit) , β =1/2 linear interpolation 
(Crank-Nicolson) and, β=1 backwards interpolation (fully implicit). 





The matrices are given in Appendix 2. 
 
6 STABILITY AND ACCURACY 
The required conditions of stability and accuracy of the solution algorithm of the fully coupled 
unsaturated equations are described in detail by Gatmiri et al [24 ] and Gatmiri and Magnin [37]. For the 
isoparametric quadrilateral elements which are used in θ - STOCK, the accuracy criteria have been 
derived for an internal node inside elements as follows: 
• The lower limit criteria related to water flow are: 
,  ,  (30) 
• The criteria related to air flow are: 
, ,  (31) 
with 323243211234(1)()(),()(),()()aawaawegSrgSrggeggSrSrgguuueegguuuαβ∂∂∂σ∂∂∂∂σ∂−=−−=−−−==−−==−−
                      
      (32) 
 
It should be emphasize that the large value of the above mentioned lower limits can be chosen as a 
condition to avoid spatial oscillation. As it can be seen, these criteria depend on the variation of both 
degree of saturation and void ratio state surfaces, as well as on their derivatives. 
7 θ  - STOCK ALGORITHM 
θ  - STOCK software is a powerful computational tool designed for the analysis of the thermohydro-
mechanical behavior of multiphase media. Many real engineering applications, such as nuclear waste dis-
posal, stability of slopes and landslides under the effect of climatic changes, modelling of the geo envi-
ronmental aspects (such as transpiration due to trees and evaporation due to soil-atmosphere interaction), 
can be  treated with this software, in an efficient and accurate manner. The main features of  θ  - STOCK 
system are managed directly by Markaz module as shown in Fig. 1. This program has five main parts, 
each part including many subroutines as described in the following: 
• Part I   General input data acquisition and initial state computations (stress and suction) 
• Part II    Nodal force vector generation and data acquisition in time steps 
• Part III   General stiffness matrix generation and Boundary condition application 
• Part IV   System solution of final equations 
• Part V    Post processing of results and secondary computations 
Three independent modules(dry, saturated and unsaturated elements) are integrated in θ-STOCK.  Each 
module can operate independently and together with the other modules. 
Fig. 2 and 3 display a more detailed description of the Stiff block, which is the core of the third part. No-
tice that elementary stiffness matrices are computed with different procedures called Stif4D (dry ele-
ments), Stif4C (saturated elements) and Stif4U (unsaturated elements) in a plain strain configuration. A 
suffix AXI is added to the names of the subroutines for the axisymmetric case. 
8 CONSTITUTIVE MODELS IN θ  - STOCK 
 In the actual version of this package, three constitutive models are incorporated for both saturated and 
unsaturated soils: 
Saturated soil: 
o -linear thermoelastic, 
o -fully coupled non-linear thermoelastic model via « thermal void ratio state surface » 
concept,  
o -thermoelastoplastic model based on critical state theory as it is described in Gatmiri 
[29] and Gatmiri et al [25]. 
Unsaturated soil: 
o -linear elastic model considering net stress, suction and temperature as state variables. 
o -new non-linear elastic model presented by Gatmiri [26,27,29]. 
o Thermoelastoplastic model based on extension of BBM to thermal effects Gatmiri [29] 
and Jenab[38] 
 
This program is conceived with this idea that it would be able to analyze the response of a soil in dif-
ferent states of humidity (dry, unsaturated and saturated), under the influence of mechanical and thermal 
loadings. Thus, three types of elements (dry, saturated and unsaturated elements) are defined in the pro-
gram. The program has been divided into three distinct blocks, which can work separately or jointly. At 
the present stage of the work, the program can be used for the modelling of drained, saturated and unsatu-
rated linear and non-linear elastic materials., The development of the elastoplastic behaviour is complete 
only for the saturated block in this package. Because of the above mentioned development possibilities, , 
the validation tests have been reported for the elastic behaviour of dry and saturated blocks (Gatmiri [29, 
39], Gatmiri and Delage [31]). Some applications have also been presented, as illustrative examples The 
validation tests  compare the results provide by Θ-Stock to the analytical solution of a transient heat flow 
in a dry column of soil, and give code-to-code comparisons for the study of thermoelastic consolidation. 
Some application cases for the elastoplastic behaviour are presented (Gatmiri [29] and Jenab [38]. In the 
following section, the thermoelastoplastic constitutive law is briefly described. 
8.1 Thermoelastoplastic Constitutive law 
In this model the following main effects of temperature are considered. 
- Shrinkage of the elastic domain due to temperature increase, 
-dependence of the yield surface and plastic modulus on temperature, and finally 
-unviscose plastic flow . 
Two new plastic variables will  appear, these two variables are not directly observable, therefore they 
will be classified  among the internal variables. The first variable is plastic deformation tensor pε  and 
the second is plastic porosity np, but for a plastically incompressible material such as soil: pp ntr =ε , 
thus only one plastic internal variable remains. 
The basic elements of thermoplasticity for unsaturated soil are discussed in following order:  
• -yield surface 
In a classical plasticity theory, it is quite generally postulated that yielding can occur only if the stress-
es σ satisfy the yield criterion 
F(σ ,εp ,κ)=0   (33) 
where κ is a strain hardening parameter and εp is the accumulated plastic strain.  
The Basic elastoplastic Barcelona Model (BBM) is extended to the non-isothermal case  by consider-
ing that the variation of the yield locus under temperature effects is properly represented by the change in 
maximum isotropic preconsolidation stress pc. pc which  is a function of suction, temperature and accumu-










• Flow rule:  
For an associated flow rule, if  dεp denotes the increment of plastic strain during the plastic deformation, , 
one can obtain (normality rule=associated flow rule ?): 
pFd∂ελ∂σ=
   (35) 
in which 
λ
 is a proportionality constant. 
During an infinitesimal increment of stress, plastic straining may occur, and total strain changes can 
be given by: 
pe ddd εεε +=   (36) 
In the present model, the thermoelastic strain is related to net stress, suction increment and tempera-
ture change by the convenient matrices. Omitting the presentation of mathematical manipulation, the plas-




Finding the plastic multiplier and introducing it into the equation (35), the stress- strain relationship in 
its final general form can be obtained: 
()()()ppepppeTeseseseeTeTeDDDDDDDDdddTdsσε=−−+−−+−




















This form has been integrated in θ  - STOCK. 
9 DAMAGE MODELLING IN θ  - STOCK 
9.1 General formal frame of the model 
In the following, a damage model dedicated to isothermal unsaturated porous media is presented. Irre-
versible thermodynamic processes induce irreversible strains. These dissipative phenomena may encom-
pass plasticity and damage. For the sake of simplicity, irreversible deformations are presently supposed to 
be generated by damage only. The assumed split expression of incremental strains falls into: 








ddddd ε+ε+Ωε+Ωε=ε   (39) 
in which Ω  is the damage variable, whose physical meaning is related to cracking. The microcracks 
damaging the sample are dispatched in crack families of approximately parallel directions. Three main 
orientations are retained. The damage developed in the Representative Elementary Volume is thus repre-






iii nnd   (40) 
in  is the unit vector normal to the i-th principal fracture plane, id  is the crack density associated to 
the i-th crack family. id  is related to the geometrical parameters of the fictive meso-cracks. Supposing 
that the REV is a cube of dimension b, and that meso-cracks are penny-shaped, with a radius ir  and an 
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Like in the former models integrated in Θ-Stock (Gatmiri [26,30,36]), reversible strains are related to 
the stress state variables by means of stiffness tensors: 
( ) ( )



















  (42) 
The mechanical and suction rigidities ( )ΩeD  and ( )ΩsD  are made dependent on damage, in order 
to represent the mechanical degradation induced by cracking. Moreover, like in the preceding models de-
veloped in Θ-Stock for unsaturated porous media, reversible suction deformations are supposed to be iso-
tropic: 

















  (43) 
with: 
( ) ( )IdD ss Ωβ=Ω    (44) 
( ) revSs vdds εΩβ=   (45) 
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9.2 Phenomenological approach 
The main thermodynamic requirements of the model are recalled in the works of Rice (Rice [40]), 
Hansen and Schreyer (Hansen and Schreyer [41]), and Collins and Houlsby (Collins and Houlsby [42]). 
As stated in the papers of Coussy and Dangla (Dangla et al., 1997 [43], Coussy and Dangla  [44]), the In-
equality of Clausisus-Duhem (ICD) for an unsaturated porous medium subjected to isothermal conditions 
writes: 
( ) 0,,ddpdpd: gwsggww ≥φφεψ−φ+φ+εσ   (48) 
in which ( )gws ,, φφεψ  is the free energy. σ , wp  and gp  are the total stress tensor, the water pore 
pressure and the gas pore pressure respectively. The associated strain state variables are the total defor-
mations ε , the water content wφ  and the gas content gφ . Fluid contents are defined as: 
ggww nS,nS =φ=φ   (49) 
in which n  designates the total porosity of the medium, wS  and gS  being the water and the gas satu-
ration degrees respectively. Both liquid and gas phases are supposed to saturate the pores of the material: 
1SS gw =+   (50) 
It is assumed that solid grains are incompressible. Volumetric deformations are thus generated by po-
rosity variations only. With the convention of soil mechanics, based on positive compressions, this hy-
pothesis leads to: 
( ) ε−=ε−=ε−= d:IddTrddn v   (51) 
The combination of equations (48-50) results in a new form of the ICD: 
( ) ( ) ( ) 0,,dnSndpnSdpd: gwswgww ≥φφεψ−−++εσ   (52) 
( ) ( ) ( ) 0,,dnSdppdnpd: gwswwgg ≥φφεψ−−−+εσ   (53) 
( ) ( ) ( ) ( ) 0,,dnSdppd:Idp gwswwgg ≥φφεψ−−−ε−σ   (54) 
The assumption on solid incompressibility spares one degree of freedom: only two state variables in-
stead of three are required for the model. The free energy turns to depend only on total strains and water 
content. Defining net stress as Idp" g−σ=σ  and suction as wg pps −= , inequality (54) becomes: 
( ) ( ) 0nS,dnSsdd:" wsw ≥εψ−−εσ   (55) 
Due to the assumed split of deformations in Θ-Stock, the strain state variables ε  and wnS−  are re-
placed by 
M
ε  and 
vS
ε . The ICD (55) for a damaged material thus writes: 
( ) 0,,dsdd:"
vv SMsSM
≥Ωεεψ−ε+εσ   (56) 
In the reversible domain, the free energy depends on the current damage level Ω  but does not evolve 
with Ω , because damage is supposed to remain constant: 0d =Ω . The thermodynamic conjugations re-
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Y vSMsd   (58) 
The reduced dissipation inequality may be retrieved from equations (56-58): 
0d:Yd ≥Ω   (59) 
 
The following expression of the free energy is postulated, on the basis of the approach introduced by 
Dragon and Halm[45], Halm and Dragon[46]: 














M  and ( )Ωεψ ,vSeS  are damaged elastic deformation energies: 




1, εΩε=Ωεψ   (61) 








M  and ( )Ωεψ ,vSresS  are potentials attesting the presence of residual deformations after 




M :g, εΩ−=Ωεψ   (63) 






g:g, εΩ−=εΩ−=Ωεψ   (64) 
Mg  and Sg  are supposed to be constant material parameters. Using equations (57) and (60-64) to ex-
press the behaviour laws leads to: 
( )















  (65) 
The damage-conjugated force is: 























ε−=  (66) 
9.3 Computation of the irreversible strains by an associative damage flow rule 
The incremental form of equations (65) is: 
( ) ( )
( )
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Both incremental irreversible strain components may be computed if the increment of damage is 
known. Ωd  is determined by means of an associative flow rule. For this purpose, a yield function is ex-
pressed in the force-space: 












1Y,fY,f 10dddddd 111  (70) 
0C  is the initial damage threshold, and 1C  controls the evolution rate of damage. 
+
1d
Y  is the dam-
















+   (72) 
The 
kJ
e  vectors are the principal directions of the deformation tensor 
J
ε . The 
kkJ
ε  coefficients are 
the corresponding principal values of 
J










xH   (73) 

































dd   (74) 
in which ddλ  is the increment of damage multiplier, computed by means of the consistency equation 




















































9.4 Calculation of the damaged rigidities by a micromechanical reasoning 
At this stage, only the damaged stiffness ( )ΩeD  and ( )Ωβs  remain to be computed in order to get 
the complete expression of the additive breakdown of deformations exposed in equations (39), (42) and 
(43). For this purpose, the micromechanical approach consisting in applying the Principle of Equivalent 
Elastic Energy is adopted, and extended to suction. A damaged stress is defined as the stress undergone 
by the damaged material in a fictive intact state, characterized by the degraded material properties. It is 
better known in the literature as “effective stress”.  A fourth-order operator ( )ΩM  relates the damaged 
net stress "σ̂  to the real net stress "σ : 
( ) ":M"ˆ σΩ=σ   (76) 
In the present model, the following operator (Cordebois and Sidoroff [47]) is used: 
( ) ( ) 2/12/1 Id.".Id"ˆ −− Ω−σΩ−=σ   (77) 
The definition (77) ensures the independence of the operator ( )ΩM  relatively to the behaviour law, 
and guaranties the symmetry of the damaged stress. Moreover, using this operator allows the derivation of 
the damaged stress from a thermodynamic potential (Lemaître and Desmorat [48]). The Principle of 
Equivalent Elastic Energy (Hansen and Schreyer [41]) postulates that the elastic deformation energy de-
veloped by the material in its real damaged state equals the elastic energy which would exist in the intact 
material, submitted to the damaged stress "σ̂ : 
( ) ( )Ωσδ==Ωσδ ,"W0,"ˆW ee   (78) 
Equality (78) may be translated as follows: 
( ) ( ) ( ) "ˆd:D:"ˆ"d:D:" 10eT1eT σσ=σΩσ −−   (79) 
Assumption (79) leads to the following expression of the damaged mechanical stiffness ( )ΩeD : 
( ) ( ) ( )ΩΩ=Ω −− T0e1e M:D:MD   (80) 
Developing relation (80) by inserting the expression of the operator of Cordebois and Sidoroff (77) 
leads to: 
( ) ( ) ( )[ ]T2/12/11 Id"Id"M −−−− Ω−⋅σ⋅Ω−⊗σ=Ω   (81) 
Considering that suction effects are isotropic, the damaged suction is defined in the same way as in 
equations (76) and (77): 




( Ω=  (82) 
Developing relation (82) provides the following relation between the damaged and real suctions: 
€ 
ˆ s = s
3
Tr Id −Ω( )−1[ ]   (83) 
Once again, the Principle of Equivalent Elastic Energy is applied in the domain of reversible strains. It 
is adapted to the concept of suction-related deformations: 
( ) ( )Ωδ==Ωδ ,sW0,ŝW ee   (84) 
which leads to: 
( ) ŝdŝsds 10s1s
−− β=Ωβ   (85) 
Using relations (83) and (85) provides the expression of the damaged suction rigidity modulus 
( )Ωβs : 
€ 
βs Ω( ) =
9βs
0
Tr Id −Ω( )−1[ ]( )
2   (86) 
The complete behaviour law of the damaged unsaturated porous material is controlled by the break-
down (39). Irreversible deformations are functions of the increment of damage (equations (69)), which is 
determined by an associative flow rule (equations (74) and (75)). Reversible strains depend on damaged 
rigidities (equations (42) and (44)), which are computed by applying the Principle of Equivalent Elastic 
Energy (expressions (81) and (86)). The coupled HHMD model is now complete. The remaining issue 
lies in fluid transfer problems. 
9.5 Introduction of damage in the transfer laws 

















gg   (87) 





=   (88) 
gγ  and gµ  are the gas density and dynamic viscosity, respectively. gb  and gc  are material parame-
ters, and z is the vertical coordinate or the current material point. 
In compliance with the existing theoretical frame existing in Θ-Stock, water transfers are modelled by 












ww   (89) 
The permeability tensor wK  is split in an intrinsic part intK  and a relative part rk : 
( ) ( )Ω= ,nKSkK intwrw   (90) 
The relative permeability reflects fluid properties only. Therefore, it does not depend on damage. It is 
assumed to be a function of the saturation degree, which may be computed either by the means of the 
equation of a state surface (Gatmiri et al, [19]), or, more simply, with the equation of a retention curve 
(Van Genuchten, [49]). Once the saturation degree is known, several integration types may be adopted to 
compute the relative permeability. Being damage-independent, rk  may be taken equal to the relative 



















=   (91) 
 
The intrinsic permeability intK  reflects the influence of the porous matrix on water transfers. That is 
why it is assumed to depend on deformations (through the total porosity n ) and on damage, which are 
mechanical variables. intK  is split as follows: 
( ) ( ) ( )Ω+Ω=Ω ,nk,nk,nK frac2rev1int   (92) 
revn  denotes the porosity related to reversible strains, and fracn  is the porosity generated by crack 
opening. ( )Ω,nk rev1  represents matrix transfer properties in the reversible domain, and is supposed 
equal to the intrinsic permeability of the intact material as formerly modelled in Θ-Stock: 
( ) Id10k,nk revke0rev1 α=Ω   (93) 
0k  is a reference permeability, and kα  is a material parameter. 
reve  is the reversible void ratio. The 
expression of ( )Ω,nk frac2  is derived form the permeability model dedicated to fractured rocks devel-
oped by Shao and his co-workers (Shao et al., [50]). The water flow which takes place inside a meso-
crack is supposed to be laminar. For the i-th homogenized crack, the following cubic law may thus be 
used: 









−=   (94) 
In the one hand, the total water flow existing in the cracks equals: 
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w   (96) 
The combination of equations (95) and (96) results in: 

















,nk   (97) 
In order to ensure the validity of the concepts of Continuum Damage Mechanics, meso-cracks of the 
same orientation and belonging to distinct Volume Elements have to remain unconnected. Therefore: 
br,3...1i,i i <=∀   (98) 
The matrix form of the described framework for modelling of the excavated damaged zone (EDZ) has 
been integrated in Θ-Stock.  
10 APPLICATION AND RESULTS 
Several validation tests have been performed and published ( Gatmiri et al [25,29,30], Gatmiri and Jenab-
Vossoughi [28,32-34], Jenab-Vosoughi[38]). Three recent application cases are presented in the 
following. 
10.1 ONE DIMENSIONAL MODELING OF A HORIZONTAL CUT OF SOIL 
UNDER THERMAL LOADING 
In this case study, a special concept of waste disposal, currently used in France, has been investigated. In 
this concept, the cylindrical canisters, typically 0.7 m in diameter, are embedded vertically in small 
diameter well, which are related together by the lined galleries. The canister is assumed to be nearly rigid 
in comparison to the surrounding soils. The finite length of canister, which is on the order of 14 m long, is 
not considered in the analysis. An axisymmetric modeling is chosen. The vertical axis of the stocking 
well is considered as the axis of symmetry. The outer boundary of the soil is set at a radial distance of 200 
m from the center of canister. The height of the elements is 2 m. Two types of materials are modeled in 
the mesh, from the 0.3 m engineered and geological barriers up to the outer boundary. Initial conditions 
(Stress, suction and temperature) have been determined by considering a depth of 500 m for this 
axisymmetric modeling. 
• Geometry 
The following dimensions are taken for the finite element model: 
External radius of the mode     Rext=200 m 
Internal radius in the back of E.B.:  Rint=0.41 m 
Thickness of E.B.:    e=0.30 m 
The rayon of excavated well: Rexcav=0.71 m 
• Initial and Boundary Conditions: 
All initial and boundary conditions are illustrated in Fig. 5. In the table 1 the temperature flow as a 
function of time is given.  
• Mechanical, hydraulic and thermal parameters 
In this analysis a hyperbolic temperature-stress dependent model is used. In the tables 2, 3 and 4 the 
mechanical, hydraulic and thermal properties used in this modelling are presented. 
• Relative permeability and saturation degree state surfaces 
The relative water and air permeability curves are shown in Fig. 6. The state surfaces of the degree of 
saturation for the engineered and geological barriers are presented at two different temperatures, in Fig. 7. 
• Results and Interpretation 
This analysis is performed by using the linear and non linear temperature-stress dependent models. The 
results of the hyperbolic constitutive model analysis are presented here, in Figs. 8 to 12. 
The profiles of radial displacements are shown for different instants in Fig. 8. The maximum of observed 
displacement is about 28 mm, which can be clearly higher than the same value obtained with a linear 
analysis. We should indicate that this maximum value is observed later in the linear model. This delay is 
due to pore pressure dissipation. 
The temperature profiles presented in Fig. 9 do not indicate a significant difference between the results 
provided by the non linear and linear models (performed but not presented here). This confirms that the 
thermal kinematics is independent of the mechanical behavior. The pore water and air pressure profiles in 
different instants are shown in Figs. 10 and 11, respectively. The profiles of suction along the model at 
different times are presented in Fig. 12. 
 
10.2  Two-dimensional modeling   
The results of the application of this model to a laboratory test Villar et al. [51] is presented hereafter. In 
this numerical analysis, displacements and transfers in the soil sample are studied. The overall 
configuration is shown in Fig. 13. Details concerning the experimental device and initial and boundary 
conditions can be found in Gatmiri et al. [27,28]. The required parameters have been determined from 
experimental results reported by Villar et al. [51] and are as the following: 
- thermal parameters; 
Cs = 800 J/kgK, Cw = 4180 J/kgK, Cv = 1870 J/kgK, Cg = 1000 J/kgK, λs = 0.9 W/mK, λw = 0.6 
W/mK, λa = 0.0258 W/mK, hfg= 2.4×106 J/kg (Villar et al.[ 51]), 
- Air permeability parameters; 
c = 3.0 ×10-10  ; d = 4.0  ; µg = 1.846×10-5 kPa s, 
- Water permeability parameters (Villar et al., [51]); 
a = 1.2×10-9   ;  α = 5.0  ; Sru = 0.05, Variations of the water and air permeabilities with temperature and 
degree of saturation are presented in Figs. 14 and 15. 
- Parameters for thermal state surface of degree of saturation; 
as = 1.0  ;  bs = -2.088×10-8  ;  cs = 2.08855×10-4  ;  ds = 1. ×10-5. A presentation of this surface is given 
in Fig. 16. The void ratio state surface is also presented in Fig. 17 for two different temperatures. 
As the thermo-hydro-mechanical behaviour is investigated here, simulation results in temperature, degree 
of saturation, void ratio and suction are presented (Figs. 18 - 21) for a vertical section of the cylindrical 
cell, at the end of the testIt is observed that numerical results are quite compatible with experimental ones 
and this model can provide satisfactory prediction of the behavior. 
10.3 Elastoplastic two-dimensional modeling of nuclear waste disposal   
A real case of nuclear waste disposal has been considered. Host rock is Argillite and engineered barrier is 
MX80 that is an expansive clay used in galleries and wells between the canister and geological barrier. 
The geometry and mash are illustrated in Fig. 22. the mesh is constituted of 1638 quadrilateral elements 
and 1773 nodes. Fig. 22 shows the general boundary condition too. Initial stresses, degree of saturation, 
void ratio and temperature are shown in Fig. 23. Fig. 24 illustrates the seven points in the Argilite and 
MX80 for which the results are presented. Degree of saturation state surfaces (Gatmiri [26, 35])used in 
this analysis are matched to the Van Genuchten water retention curves measured for the Argilite and 
MX80 (See Figs. 25 and 26). The variation of air and water permeabilities versus the degree of saturation 
for Argilite and MX80 are presented in Figs. 25 and 26. Figs. 27 and 28 present the state surface of 
degree of saturation for Argilite and MX80. The thermoelastoplastic model described in section 8.1 and 
integrated in Θ-STOCk  has been used in this analysis. The parameters of elastoplastic model for Argilite 
and MX80 are given in table 5 and 6. Tables 7 and 8 present the material and water properties, 
respectively. 
The results of analysis are presented in Figs 29-35. Temperature and suction distribution are illustrated in 
Figs 29 and 30, respectively. Time evolution of radial displacement in the massif is presented in Fig. 31. 
Figs. 31 to 35 illustrate the stress paths for argillite and MX80 in p-q and p-s coordinates, respectively. 
 
11 CONCLUSIONS 
A theoretical framework for the analysis of fully coupled moisture, heat, gas and skeleton deformation is 
established for an unsaturated field. The new theoretical formulation is a combination of two extended 
theories; the first part is an extension of the moisture transfer theory of Philip and de Vries. The second 
part is the extension of the isothermal deformation theory of unsaturated soil to thermal effects. A 
complete set of equations is presented, in which the suction-based equations of moisture, heat and air 
transport are combined with the equilibrium equation of the solid skeleton and in which the constitutive 
law relation is combined with the equations of the void ratio and degree of saturation hyper state surfaces. 
These state surfaces are temperature-dependent. 
 A good agreement between the predictions of this new model and experimental results reported by 
others has shown the strong ability of this new model, which is encouraging. 
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ae , be, ce, as, bs ,cs and ds  :  constants used in state surfaces formulation. 
B  :  bulk modulus 
bi : body force  
CPW  :  specific heat capacity of liquid 
CPV  :  specific heat capacity of vapor 
CPg  :  specific heat capacity of gas 
D :  elasticity matrix 
DW  :  gravitational diffusivity 
DT  :  thermal moisture diffusivity and is equal to DTV+DTW, 
Dθ  :  isothermal moisture diffusivity and is equal to Dθv+ Dθw. 
E : tangent elastic modulus 
e  : void ratio 
e0  :  initial void ratio 
g : gravity acceleration 
H : Henry's constant 
hfg  :  latent heat of vaporization of soil water 
Kg  :  gas permeability 
Kb, KL, Ku : modulus numbers (dimensionless) used in hyperbolic model 
m : constant used in definition of constitutive law  
n : porosity 
n : constant used in hyperbolic model 
patm : atmosphere pressure 
Pg  :  gas pressure 
Pw  :  pore water  pressure 
Q  :  heat flow  
q  :  vector of water flow  
Rf : constant used in hyperbolic model 
Sr : degree of water saturation 
T : temperature 
T0 : arbitrary reference temperature  
t : time 
U  :  liquid velocity 
V  :  vapour velocity 
Vg   :  vector of gas velocity 
Z, z  :  elevation 
Greek letters 
δij  : Kronecker delta 
ε  : strain tensor 
Φ :  the volumetric bulk heat content of medium 
γg  :  specific weight of gas 
λ  :  Fourier heat diffusion coefficient of unsaturated mixture 
θw , θ :  volumetric water content, θw =n Sr 
ρg  :  density of gas  
ρm  :  density of moisture  
ρw   :  density of liquid 
ρv  : density of water vapor, kgm / m3 
σij  : stress tensor 
σc  :   preconsolidation stress 
 
Appendix 2 
Integral form of the matrices are followings: 
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Fig. 17: State surface of degree of saturation for two different temperature as functions of 






























































Fig. 18 : Degree of saturation values at the end of test (t=2 hours) - points are experimental 
values. 
 






















































Fig. 19 : Temperature values the end of test (t=2 hours) - points are experimental values. 
 
 























































































































Fig. 21 : Suction values the end of test 



































































T = 20 ºC
σy = 4.5 MPa (Vertical)
σx = 2.25 MPa (Horizontal)
Pw = 0.1 MPa
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σy = 0.5 MPa (Vertical)
σx = 0.5 MPa (Horizontal)
Pw = 0.1 MPa
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Fig. 25 :   a) Comparison of state surface of saturation and water retention curve of Argilite 

















































































































Fig. 26 :   a) Comparison of state surface of saturation and water retention curve of MX80 




































































































































































































































































R = 0.22 m (Colis-Bentonit contact) R = 0.65 m (Bentonite) R = 1.02 m (Bentonite-Argilite contact)
R = 1.25 m (Argilite) R = 1.70 m (Argilite) R = 2.45 m (Argilite)
R = 4.02 m (Argilite)











































-6.0E+07 -4.0E+07 -2.0E+07 0.0E+00 2.0E+07 4.0E+07 6.0E+07













Suction = 0 MPa Suction = 40 MPa Suction = 60 MPa
R = 1.02 m (Bentonite-Argile contact) R = 1.25 m (Argile) R = 1.70 m (Argile)
T-H-M elasto plastic analysis
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LC courve (P0) Ks (Ps) R = 1.02 m (bentonite-Argile contact) R = 1.25 m (Argile) R = 1.70 m (Argile)
T-H-M elasto plastic analysis


















T-H-M elasto plastic analysis
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Suction = 0 MPa Suction = 50 MPa Suction = 100 MPa
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Ks (Ps) LC curve (P0) R = 0.22 m (Colis-bentonite contact)
R = 0.65 m (Bentonite) R = 1.02 m (Bentonite-Argilite contact)
T-H-M elasto plastic analysis
































Parameter EB GB 
Kl 399 1678 
Ku 399 1678 
Kb 519 3281 
1/Ks 7,1 E -10 7,1 E -10 
Rf 0,75 0,75 
n 0,6 0,6 
m 0,4 0,4 
m 1 0 0 
m 2 0 0 
ρs 2670 Kg/m3 2670 Kg/m3 
ρ 2200 Kg/m3 2410 Kg/m3 
ν 0,2 0,3 
 
 




Parameter EB GB 
1/Kw 5,0E-10 5,0E-10 
Kint 1,0E-20 1,0E-19 
µg 1,8E-5 1,8E-5 
µw 1,0E-3 1,0E-3 
ρw 1000,0 1000,0 
 
 
Table 3: Hydraulic parameters 
   
 
Thermal Parameters 
Parameter EB GB 
hfg 2,4E6 J/Kg 2,4E6 J/Kg 
λa 0,0258 J/m/s/°C 0,0258 J/m/s/°C 
λs 1,77 J/m/s/°C 2,0 J/m/s/°C 
λw 0,6 J/m/s/°C 0,6 J/m/s/°C 
Cps 659,0 J/Kg/°C 575,0 J/Kg/°C 
Cpw 4180,0 J/Kg/°C 4180,0 J/Kg/°C 
Cpv 1870,0 J/Kg/°C 1870,0 J/Kg/°C 
Cpa 1000,0 J/Kg/°C 1000,0 J/Kg/°C 
αs 2,0E-5/°C 2,0E-5/°C 
αw 1,0E-4/°C 1,0E-4/°C 
 


















PcO 20 MPa 




C 2 -3 MPa 
 
 







T0 20 °C 
s0 110 MPa 
pini 0,1 MPa 
κ  0,005 
κ s 0,001 
α0 0,004 °C
-1 
pc 0,5 MPa 
*













 ρS (g.cm-3) Cs (J.kg-1.K-1) λS (W.K-1.m-1) 
MX-80 2.67 1050 1.15 
Argilite 2.67 775.5 1.8 
 
Table 7 : Material Parameters of Argilite and MX80 
 
  
ρL (g.cm-3) CL (J.kg-1.K-1) λL (W.K-1.m-1) αL (K-1) 
1 4180 0.6 10-4 
 
Table 8 : Liquide Phase properties 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
